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A Wote to Classroom Sudents
and Hutodidacts

mathematics. Because of that, real analysis is a mandatory part of

eal analysis is one of the central building blocks for later
Rthe education of every math major in virtually every university.

There are three central ideas in real analysis:
% the real numbers
% functions
F limits.

You will learn more about these three topics than you ever learned
in algebra or calculus.

If this is your first Life of Fred book, you might be in for a little bit
of a shock. Most real analysis textbooks look alike. They are all very
businesslike: page after page of . . .

theorems,
definitions, and
lines of equations.

They “get the job done” because they “cover the material.” The
student memorizes what a Cauchy sequence is and can recite the Bolzano-
Weierstrass theorem, but will forget them ten days after the final exam.

In contrast, Life of Fred: Real Analysis is §un. 1, your author, can’t
help it. Irefuse to write a stuffy book. (This is my 54™ unstuffy book.)
Who wants a life without some giggles and dancing?
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A Note to Yeackers

emphasis on creating proofs—not just memorizing theorems and

T his book covers all the standard topics in real analysis. There is an
definitions.

THIS BOOK HAS SEVERAL DRAWBACKS.

1. The solutions to all of the 113 exercises are supplied. The students can
cheat like crazy on their homework. (Of course, they will die when they
face your exams.) The advantage to my supplying all the answers is that
you will not have to spend class time going over the homework problems.

2. This book is not dignified. How will you be able to face your fellow
math professors if you adopt a textbook with such a silly title?

3. Your students will get fat, because they will have more money to spend
on pizza after they shout for joy in the bookstore when they discover that
you have adopted an inexpensive real analysis book.

4. Your students will be spoiled. They will expect that all upper-division
math books are this delightful.
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%ﬂ% Che
Yhe Seal Numbers

he will tell you a thousand reasons why they are beautiful. First,

red is in love with the real numbers, R. Just mention R to him and
F he’ll draw the real number line.

A

>
-

He will tell you how long and slender the real number line is. It
goes on forever in both directions and is less than a millionth of an inch
thick.*

Fred would name some of his favorite real numbers and mark them
on the real number line.

\4

When asked, not many people would say that —6.14 is one of their
favorite numbers. Fred likes it because he was born 6.14 years ago.

He loves the real numbers because there are so many of them.
There is an uncountably infinite number** of them. They are all fun to
play with. Play with? Yes. If you are going to be a mathematician,
enjoying playing with the real numbers is essential.

Occupational Notice
If you are going to be a biologist, you have to enjoy
culling up dead things.
If you are going to be a cook, you have to enjoy
culting up dead things and eating them.

Nathematics is nicer.

*For those who prefer the metric system, we note that one inch is
approximately 2.540 centimeters. So “a millionth of an inch” should be
replaced by “0.000001/2.540 cm” which is approximately
0.0000003937007874015748031496062992126 cm.

**Uncountably infinite is larger than countably infinite. We’ll explain
that in a minute. We are just getting started.
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%ﬂ% Che Ghhe Sieal Wumbers

Fred got out his toy airplane. He was going to play with R.

Hold it! Stop! 1, your reader, have a zillion questions.™ First of
all, who is this sred guy?

Here’s his background in case you have never read any of the other
Fred books: Fred is 6.

I inew that. You told me that on the previous page.

Sorry. I see that you were paying close attention. Fred is a
professor at KITTENS University. He had a rough childhood and left
home at the age of six months. (This is chronicled in the first nine
chapters of Life of Fred: Calculus.)

He lives with his doll Kingie in room 314 in the Math Building on
the KITTENS campus. Now you know everything necessary for me to
continue the story.

I said I had a zillion questions. My second question is more
important. Are you going to define the real numbers as just something
that is long and skinny. That's a rotten definition. A piece of spaghetti is
long and skinny—and it’s not the real numbers.

I’m going to ask for a little patience on your part. I was only one
page into explaining why Fred loves IR, and you have spent a half page
with interruptions. Do you remember the expression festina lente?

I never studied Italian.

It’s not Italian. It’s Latin. Festina lente means “make haste
slowly.” Often the best way to get something done is to allow a little
untightening. We want to learn real analysis not just get through it.

Right! Chat’s why I bought this book and am reading it. What’s
your point?

Pllllleeeecaaaaasssseeee. This is not a horse race. I could pile all
of real analysis into 50 pages—just listing theorem after theorem and
definition after definition and proof after proof. You could sit down and
read it in one day. And you would learn #ot/ung. Y ou are not a robot who
learns as fast as its optical sensors can scan a page.

*The Life of Fred books are the only books where you can talk back to the
author.
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Chgpter Che Yhe Sieal Numbers

I’'ll accept that. But could you tell me what the real numbers are
before 3red gets out his toy airplane? Please.
Okay. Here are three different approaches to R.

First Approach to [

This is the axiomatic approach. We start with five axioms
(assumptions) about the natural numbers N. We define addition in the
natural numbers and prove a bunch of theorems about N, such as 2 +2 =
4. (We did this on page 58 of Life of Fred. Five Days.)

Then we define the integers 7. Then the rational numbers ().

N={1,2,3,4,5,...}.

Z=4...-3,-2,-1,0,1,2,3,...}.
Q={x|x=a/bwherea,beZandb # 0}.

{x|...} means “the set of all x such that...”.

€ means “is an element of.” 72 e N

And the definition of R (in Life of Fred: Five Days) is ultimately
grounded in those original five axioms for N.

You used the axiomatic approach when you studied high school
geometry. You started with the geometry axioms (also called postulates)
and proved a bunch of theorems. The first axiom was “Two points
determine a unique line.”

Second Approach to [

The second approach is real simple. The real numbers are any
numbers that can be written as an unending decimal.

1 can be written as 1.0000000000000000000. . . .

% can be written as 0.6000000000000000. . . .

% can be written as 0.3333333333333333333. ...

7t can be written as

3.1415926535897932384626433832795028841971693993751058209749445923078164062862089986280348253421170679821

480865132823066470938446095505822317253594081284811174502841027019385211055596446229489549303819644288109
756659334461284756482337867831652712019091456485669234603486104543266482133936072602491412737245870066063
155881748815209209628292540917153643678925903600113305305488204665213841469519415116094330572703657595919
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Chgpter Che Yhe Sieal Numbers

530921861173819326117931051185480744623799627495673518857527248912279381830119491298336733624406566430860
213949463952247371907021798609437027705392171762931767523846748184676694051320005681271452635608277857713
427577896091736371787214684409012249534301465495853710507922796892589235420199561121290219608640344181598
136297747713099605187072113499999983729780499510597317328160963185950244594553469083026425223082533446850
352619311881710100031378387528865875332083814206171776691473035982534904287554687311595628638823537875937
519577818577805321712268066130019278766111959092164201989380952572010654858632788659361533818279682303019
520353018529689957736225994138912497217752834791315155748572424541506959508295331168617278558890750983817
54637464939319255060400927701671139009848824012858361603563707660104710181942955596198946767837449448. . ..

V2 can be written as 1.4142135623730950488016887242097. . . .

Those decimals that repeat are rational numbers ( () ).
Those decimals that do not repeat are irrational numbers.

% 1s rational. As a decimal itis 0.142857 142857 142857

142857 142857 142857 142857 142857 142857 142857 142857 142857
142857 142857 142857 142857. . .. (1 added a little extra space so that you could see

the repeat more easily.)
Hey! 1 like that. It’s clean and neat. Now I know what R is.

Third Approach to R:

We just assume all the facts about the real numbers that you
learned in algebra.

Um. I can’t find my algebra book. Would you care to list “all those
facts”?

Yikes! There’s a million of them. We’ll be here all day if I write
them all out.

List them. I bought this book. You do some work;.

Okay. But I’m going to use a smaller font so that the list doesn’t
take up half of this book. You know all of this stuff anyway.

Commutative laws: a+b = b+a and ab = ba

Associative laws: (a+b)+c = a+(b+c) and (ab)c = a(bc) (Are you bored yet?)
Distributive law: a(b +c¢) = ab + ac

For any real numberr, r+0 =r and Ir = r

For any real number r, there is a real number s such thatr+s = 0.

If we start with 38.9, then there exists —38.9 such that 38.9 + (-38.9) = 0.

¢ adaaada

For any nonzero number r, there is a real number s such that rs = 1.

If we start with 7.4, there is a real number 1/7.4 such that (7.4)(1/7.4) = 1.

If we start with 7, there is a real number 1/z such that n(1/7) = 1.
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Chgpter Che Yhe Sieal Numbers

O The Triangle Inequality: |[a+b| < |a|+]|b]| (“The most important inequality in math.”)
Y The Triangle Inequality for Subtraction: | la]—|b]| | < la-b]|

B Transitive properties: Ifa=bandb=c,thena=c. Ifa<bandb <c, thena<c.

{10} Ifa<b,thena+c < b+c.

B r.<b and ¢ > 0, then ac <bc.

VY ..

INTERMISSION

Mathematics after calculus is
a lot different. In arithmetic,
algebra, trig, and calculus, you
were finding answers. You did a
bunch of computing and figured
out that it took her 15 hours to
paint the house when working
alone or that the area was 27
square feet. Engineers liked that
kind of stuff.

In upper division math we
spend our time understanding
concepts and proving that certain
things are true.

Instead of having 30
exercises to grind through, there
are puzzles to solve. Often, they
are in the form of, “Can you
show that this is true?”
Creativity—not computation—
becomes the theme sonyg.
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MEET MAX

The maximum member of a set is the
largest member of that set.

Puzzle #30: Complete this definition using lots
of math symbols. M is the maximum element
of set Biff. . ..

Puzzle #31: Does every infinite set of real

. Maxine and Maxwell
numbers have a maximum? (Minimum is the in the middle)

Puzzle #32: Does every finite set of real numbers have a maximum?

Puzzle #33: Give an example of a finite set that does not have a
maximum.

We’ll need max to answer this question: Can a sequence have two
limits? (That’s the mathematical equivalent of the old question: Can a
man have two masters?) Can the cows (the terms) get very close to both
Fred and Joe?

Theorem: If ima =Fand lima =J, then F=1J.
In English: Limits are unique.

Intormal proof: Fred and Joe have to be standing some distance apart.
Say they’re 4A apart. (That’s four angstroms.*) Suppose we put
fenceposts around Fred and around Joe that are 2A from each of them.

Since we are given that the limit of the sequence is Fred, we know
that only a finite number of cows are outside of Fred’s little enclosure.
But there are an infinite number of cows inside Joe’s enclosure.
Contradiction. w

*Everybody wants me to include lots of metric system units in my books
since roughly 99% of all countries in the world are on the metric system
nowadays.

i -10
A = one ten-billionth of a meter=10 m.
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Formal proof: Assume F # J. Then [F —

(INeN)(Vn>N)|a,—F| <e/2
(IM e N)(Vn>M)Ja,—J| <e/2

Let M = max {M, N}.

equences

J|>0. Lete=[F-]|.

definition of lima, = F
definition of lima =]

Here’s where we use max.
We know that the maximum
exists because {M, N} is a
finite set consisting of just
two members.

(Vn>M)|a, —F|<e/2 and [a, —J|<e/2

[, = F| + fa, = J] < &
[F-a| + Ja,-J] < ¢

F—a,+a,-J <e¢

F-J] <e

algebra
property of absolute values, namely,
X -yl = ly—x|

[F—a,+a —J <[F-a]| + |a,—J| by
what we called “The most important
inequality in math.”

On pages 58, 68, 70, 134, 136, 213,
269, weuse. ..

@ The Triangle Inequality: |[a+b| < |a|+|b]|

algebra. This line contradicts the

first line of the proof. =

In our preview of the coming attractions for this chapter, we had
four topics: bounded seguences, convergent sequences, subseguences,
and Gauchy seguences. It’s time to tie the first two topics together.

Theorem: If {a } is convergent, then

it is bounded.

One student of mine once wrote in his notes: lomverg = bounded.

Proof.
1. {a,} is convergent
2. lima =L
3. (Ve>0)(INeN)|a -L|<e
for everyn >N
4. (INeN)|a —L|<1foreveryn>N

58
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Chapter, Gwo Dequences

5. Let B=max {|a,|, [a,], |a,}, ..., ]a,, 1} This is a finite set and
finite sets always
have a maximum
element by
puzzle #32

6. (VvneN)|a|<B lines4and 5

Puzzle #34: If {a_} is bounded, must {a_} be convergent?

Puzzle #35: If {a_} is bounded, must {a /n} be convergent?

Puzzle #36: Show that if {a _} and {t } are convergent and if (Vn) a, <t_,
that does not imply that lim a, <lim t,.

In the footnote on the first page of this chapter, I mentioned that
there is just one more property of R that we will need. You already have

the commutative laws »» a+b=b+a and ab=ba
the associative laws #* (a+b) +c=a+ (b+c) and (ab)c = a(bc)
the distributive law »+ a(b + ¢) = ab + ac
the identity laws »* (Vre R)r+0=r and Ir=r
the inverse laws »+ (Vr € R)(dse R) r +s=0 and
(Vre R)(r# 0)(dse R)rs=1
(Time out! The above laws establish that the real numbers are a field. Fields are discussed in
detail in Modern Algebra, which is another upper division math course.)

Both R and () (the rational numbers) are fields.
the Triangle Inequalities ®* |a + b| < |a| + |b| and |[a|— |b]| < |a —b]
the Law of Trichotomy »* exactly one of these is true:
a<b,a=b,ora>b.

What makes R so special is the AoC. () doesn’t have the AoC.
Okay. I, your reader, want to know. What's the Ao(?

I have to sneak up on the AoC. Pussyfoot up to it—as you call it.

Definition: Set A < R has an upper bound B iffae A = a < B.
I could have guessed that! Now what’s this Ao(?
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Chapter Guwo dwm
Patience, please. If you want to hurry, just read faster.

Definition: 8 is the least upper bound of a set A — R iff 81is an upper
bound for A and for every other upper bound B, 8 < B.

Puzzle #37: Prove that a set A cannot have two different least upper
bounds.

Now I can present the AoC.
Okay. Spit it out.

The AoC: Every subset of the real numbers that has an upper
bound in R, also has a least upper bound in R.

A little more spit please.

AoC stands for the Axiom of Completeness. It says that the real
numbers are complete.

The rational numbers do not have an AoC. For example, the set of
rational numbers {3, 3.1, 3.14, 3.141, 3.1415, 3.14159, . . . } has an upper
bound of 7, but there is no rational number which is the least upper bound
for this set. (In R, the least upper bound would be 7.)

The AoC means that there are no holes in the real number line.
When we were in the rational numbers tip-toeing 3, 3.1, 3.14, 3.141,
3.1415, 3.14159, . . . there was a big hole at 7.

Now that you have the Axiom of Completeness for the real
numbers, you are ready for the last theorem of the convergent series
section of this chapter . . .

The Rabbit and the Wall theorem

You gotta be kidding.
No I’'m not. It’s based on a true story.
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The Steny The Math
Fred was out on the Kansas plain with his

horse he called Pferd. (Pferd is a German word.) He was

playing his ukelele and singing cowboy songs, just as
e

he had seen in the movies.

Fred spotted this rabbit who was nuts.

; a,, a,, a, ... the hops
wo 1t would hop up and down in the &;.
'ST::;:; same spot for hours. l ﬁ
P 1 i ittle—
\X\F, Sometimes it would hop forward a little (Vn) a_ < a.
MGy always toward the east. .
l/ a non-decreasmg
sequence

Fred thought to himself Tf this vabbit wants
to hop all the way to the Atlantic ocean, that's fine.
Then he noticed
that there was a giant wall

right in the path of the
a bounded sequence

(3BeR)(Vn)a, < B

rabbit. It would never

be able to pass it.

path of rabbit

Fred knew what was going to happen, » Theorem: Every
because he knew the Babbit and the Wall theorem. -~~~ bounded, non-decreasing
sequence is convergent.

This did not mean that the rabbit would ever hit the wall. What it
means is that at some point that rabbit will basically be hopping up and
down at some place.

Note to reader: Every sentence on this page is absolutely true with
only one exception. (< That’s the exception).
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