Module #1: Unitsand Vectors Revisited
Introduction

There are probably no concepts more important in physics than the two ligted in the title of this
module. Inyour firgt-year physics course, | am sure that you learned quite alot about both of these
concepts. You certainly did not learn everything, however. Whether we are talking about units or
vectors, there is smply too much information to possibly learn in just one year. Asaresult, we will take
another look a both of these conceptsin thisfirsg module. Thiswill help you “warm up” to the task of
recaling al of the things you learned in your firg-year physics course, and it will help to learn both of
these valuable concepts a a much deeper levd.

Units Revisited
Almost regardless of the physics course, units should be covered first, because a great deal of

physicsis based on properly andyzing units. In your first-year course, you were taught how to solve
problems such as the one in the following example:

EXAMPLE 1.1
A sample of iron hasa mass of 254.1 mg. How many kg isthat?

In this problem, we are asked to convert from milligramsto kilograms. We cannot do this
directly, because we have no reationship between mg and kg. However, we do know that amilligram
is the same thing as 0.001 grams and that a kilogram is the same thing as 1,000 grams. Thus, we can
convert mg into g, and then convert g into kilograms. To save space, we can do that dl on oneline:

2541mg . 0001g. 1kg

= 00002541 kg = 2541° 10“ kg
1 1mg 1,000g

The sample of iron has amass of 2.541 x 10™ kg.

Did this example help dust the cobwebs out of your mind when it comesto units? It should dl be
review for you. | converted the units using the factor-label method. Because thisisa converson, | had
to have the same number of Sgnificant figures as | had in the beginning, and even though it was not
necessary, | reported the answer in scientific notation. 1f you are having trouble remembering these
techniques, then go back to your fird-year physics book and review them.

There are a couple of additiond things | want you to learn about units. | am not going to show
you any new techniques; | am just going to show you new ways of gpplying the techniques that you

should aready know. Condgder, for example, the unit for speed. The standard unit for speed is % :
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However, any distance unit over any time unit is alegitimate unit for speed. Since that isthe case, we
should be able to convert from one unit for speed to any other unit for speed. Study the following
example to seewhat | mean.

EXAMPLE 1.2

Asof 2001, therecord for thefastest lap at the Indianapolis 500 (“ The greatest Spectaclein
Racing”’) was held by Arie Luyendyk. He averaged a speed of 225.2 miles per hour over the
entire 2.5-mile stretch of the Indianapolis speedway. What isthat speed in meters per
second?

This problem requires us to make two conversons. To get from miles per hour to meters per
second, we must convert miles to meters. Then, we must convert hoursto seconds. Thisis actudly
easy to do. Remember, in miles per hour, the unit “miles’ isin the numerator of the fraction and the unit
“hours’ isin the denominator. Also remember that there are 1609 metersin amile and that 1 hour is
the same as 3600 seconds.

2252 mites, 1609 meters,  1h¢ 100.7 meters
1he 1mite  3600sec

Although there is nothing new here, you probably haven't seen a converson donein thisway. Despite
the fact that the unit for speed is a derived unit, | can ill do conversonsonit. | could have just
converted miles to meters and gotten the unit meters’hour. | also could have just converted hours to
seconds and gotten miles/second. In this case, however, | did both. That way, | ended up with
meters'second. When working with derived units, remember that you can convert any or al units that
make up the derived unit. Thus, 225.2 miles per hour is the same thing as 100.7 meters per second.
Pease note that dthough 3600 has only 2 sgnificant figures, the number is actudly infinitely precise,
because there are exactly 3600 secondsin an hour. Thus, it redlly has an infinite number of Sgnificant
figures. Thisiswhy | say that the best rule of thumb isto aways end your converson with the same
number of sgnificant figures as that with which you started your converson.

Okay, we are dmogt done reviewing units. Thereis just one more thing that you need to
remember. Sometimes, units have exponents in them. 'Y ou were probably taught how to dedl with this
fact in your first-year physics course, but we need to review it so that you really know how to ded with
it.

EXAMPLE 1.3

One commonly used unit for volumeisthe cubic meter. After all, length ismeasured in
meters, and volumeislength times width times height. The more familiar unit, however, is
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cubic centimeters (cc) which isoften used in medicine. If adoctor administers 512 cc of
medicine to a patient, how many cubic metersisthat?

Once again, thisisasmple converson. If, however, you do not think as you go through it, you
can mess yourself up. We need to convert cubic centimeters to cubic meters. Now remember, a cubic
centimeter isjust acnt and a cubic meter isjust ant. We have no relationship between these units, but
we do know that 1 cm = 0.01 m. That'sdl we need to know, aslong as we think about it. Right now,
| have the following relationship:

lcm =0.01m

Thisisan equation. | am dlowed to do something to one side of the equation aslong as| do the exact
same thing to the other Sde of the equation. Okay, then, let’s cube both sides of the equation:

(1cm)® = (001 m)’
1 cm® = 0.000001 m®

Now look what we have. We have aréationship between cnt and n?, exactly what we need to do our
conversion!

512 em® , 0.000001 m*
1 lem®

=512" 10* m’

S0 512 cc'sisthesameas5.12 x 10 nt.

When mogt students do a conversion like the one in the example without thinking, they smply
use the relationship between cm and m to do the conversion. That, of course does not work, because
the o unit does not cancel out, and you certainly don't get the n unit in the end:

512 cm®, 0.01m
1 1lem

= 512 mxcm?

Do you see what happened? The cm unit canceled one of the cm out of e, but thet till left onr?.
Also, since m is the unit that survives from the conversion relationship, you get the weird unit of ment!
When you are working with units that have exponents in them, you need to be very careful about how
you convert them. At therisk of “besting thisto deeth,” | want to combine the previous two examples
into one more example.
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EXAMPLE 14

The maximum acceleration of a certain car is 21,600 miles per hour?. What isthe acceleration
in feet per second®?

Once again, thisis a derived unit, but that should not bother you. All we have to do is convert
milesinto feet and hours? into seconds’. There are 5280 feet in amile, so that conversion will be easy.
We do not know a conversion between hours” and seconds’, but we do know that:

1 hour = 3600 seconds
To get the conversion relationship between hours” and seconds?, then, we just square both sides:
(1 hour)® = (3600 seconds)®
1 hour® = 1.296 x 10" seconds’®
Once again, please note that the conversion relationship between hours and seconds is exact. Thus,
both numbers have an infinite number of significant figures. That'swhy | reported dl digits when |
sguared 3600 seconds.

Now that | have the conversion relationshipsthat | need, the converson is a snap:

21,600mites . 5280ft 1he? _ag0 ft
1k lmite 1296x10"sec? sec?

Notice once again that had | not squared the conversion relationship between hours and seconds, the
units would not have worked out. In order for hr? to cancd, the unit hr® had to be in the problem.
That’swhy it isimportant to watch the units and make sure they cancd properly.

Make sure that you understand how to manipulate units thisway by performing the following
“on your own” problems.

ON YOUR OWN

1.1 The speed limit on many highways in the United States is 65 miles per hour. What isthe speed limit
in centimeters per second? (There are 1609 metersin amile)

1.2 Theszeof ahouseis 1600 square feet. What is the square yardage of the house?
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kg>m? i
9 —). An dtemative energy unit isthe erg (g;:crzl )- |

1.3 The standard energy unit is the Joule (
am serious. Itiscdledtheerg! Convert 151 Joulesinto ergs.

A Review of Vectors

In your firg-year physics course, you learned about vectors. A quantity iscalled avector if it
contains information about both magnitude and direction. A quantity is caled a scalar if it contains only
information about magnitude and no information about direction. For example, if | tell you that my car is
moving a 55 miles per hour, | am giving you a scaar quantity. The speed of the car tells you “how
much” (magnitude), but it does not tell you in what direction the car ismoving. If | tdl you that my car is
moving a 55 miles per hour due west, then | am giving you a vector quantity. Not only do you know
how fast | am traveing (the magnitude), but you aso know which way | am heading (the direction).

Y ou should have dready learned that we call the scalar quantity in this case speed, and we cdl the
vector quantity velocity.

Since vectors contain information about both magnitude and direction, we use arrows to
represent them. The length of the arrow represents the magnitude, while the direction in which the
arrow points represents the direction. When | refer to vectors, | will emphasize that they are vectors by
placing them in boldface type. For example, if you see“A” in an equation, you will know thet itisa
vector quantity becauseit isin boldface type. If you see“A” in an equation, you will know that itisa
scdar quantity becauseit is not in boldface type.

Now dthough vectors and scalars are quite different, they can interact mathematicaly. For
example, | can multiply a vector by ascaar. What happensif | do that? Well, avector contains
information about magnitude and direction, while ascalar contains information only about magnitude. I
| multiply avector by ascdar, then, the multiplication will affect the magnitude of the vector. If the
scdar happens to be negative, it does affect the direction of the vector aswell. Study the following
figure to see what | mean.

FIGURE 1.1
Scda Multiplication

—
A o A -2A
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Noticein the figure that | start with an arrow which represents vector A. It has amagnitude (the
length of the arrow) and a direction (the direction in which the arrow points). When | multiply by 2 (a
scdar), what happens? The arrow points in the same direction, but it istwice aslong. That's because
when | multiply avector by apostive scalar, | multiply its magnitude by the scalar, but | leave the
direction done. Thus, the length of the arrow (the magnitude) changes, but the direction doesnot. In
the same way, when | multiply A by %%, the length of the arrow changes (it gets cut in hdf), but the
direction does not.

Now look at the last arrow in the figure. This arrow represents what happens to the vector A
when | multiply by anegative scalar. When you multiply a vector by a positive scaar, the direction of
the vector does not change. However, when you multiply by a negative scaar, the direction of the
vector becomes opposite of what it oncewas. Thus, when | multiply A by negative 2, the length of the
vector increases by afactor of 2, but the vector aso points in the opposite direction. Vector A points
towards the upper right hand corner of the figure, while the vector -2A istwice aslong and pointsto
the lower |eft-hand corner of the figure.

When vectors are multiplied by scaars, then, the result is another vector. Asyou dready
learned in your firgt-year physics course, vectors can not only be multiplied by scalars, but they can dso
be added to other vectors. The result in that caseisavector aswell. To review how vectors are
added to one another, however, we must first review the way that vectors can be mathematically
represented.

A two-dimensiona vector can be mathematicaly represented in one of two ways. It can be
represented by its magnitude and an angle, or it can be written in terms of two perpendicular
components. Although any two perpendicular components can be used to define a two-dimensiona
vector, we typicaly use horizontal and vertical components. These two ways of mathematically
representing a vector, as well as the relationships between them, are summarized in Figure 1.2.

FIGURE 1.2 Vector A can be written as;
A Two-Dimensiona Vector (1) A (magnitude) andq
or
vertica @ AcandA,
(y) axis
A verticd - Mathematical Relationships
czmpon A, = Ax0s(
horizontd (x) axis N (A) A, = Asing
horizonta ,
component (A) tang = ——

A= [AZ+A2
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Notice, then, that the vector A can be represented with a magnitude (A) and a direction (q).
For example, if | told you that there was buried treasure 10.5 miles away from your current location at
an angle of 50.4°, | would be giving you a vector to describe the location of the treasure. | would be
giving you thet vector in terms of its magnitude and angle. Alternatively, | could tell you that to get to the
treasure, you need to walk sraight for 6.5 miles then turn left and walk another 8.1 miles. That isdso a
vector which represents the location of the treasure, but the vector is given in terms of two components
rather than a magnitude and direction. Of course, since both methods represent the same vector, they
should be related to one another. The figure summarizes the various means by which the components of
avector relate to the vector' s magnitude and direction.

Now we can move on to adding vectors. In order to graphicdly add vectors, we smply put the
tail of the second vector at the head of the first vector, and then we draw an arrow from the tail of the
firg to the head of the second. The new arrow isthe graphical representation of the final vector, which
isthe sum of the two origind vectors. Alternative, we can mathematically add vectors. To do this, we
smply add their x-components to get the fina vector’ s x-component, and we add their y-components
to get the find vector’ s y-component. These processes are summarized in Figure 1.3.

Two origind FIGURE 1.3
vectors - A and B: Adding Vectors
Adding the vectors graphicaly: Adding the vectors
Ay mathematically:

On the left-hand side of the figure, two vectors (A and B) are drawn. Their horizonta ()
components (A and B,) aswell astheir vertical (y) components (A, and By) are shown. Inthe middle
of thefigure, the graphicad method for adding vectorsis shown. To add vectors A and B, we put the
tall of B onthehead of A. Then, we draw an arrow from the tail of A to the head of B. The resulting
arow isthesum of A + B. Notice that the figure aso shows the graphica representation of B + A. At
firg glance, you might think thet the result of A + B isdifferent thantheresult of B + A.  That's not
true. Remember, avector is determined by its magnitude and direction. Both theresult of A + B and
theresult of B + A have the same magnitude (length) and direction (they both point in the same
direction). Thus, they each represent the same vector. They are Smply shifted relative to one another.

7
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That brings up an important thing to remember about vectors. They can be moved around
without affecting their value. Aslong as you do not change the length of the arrow or the direction in
which the arrow points, you can move it al over the place without changing the meaning of the vector at
dl.

Since physicsisinherently a problem-solving science, the graphica approach to adding vectors
isnot enough. It gives usavisud picture of the sum of vectors, but it does not give us any numbers with
which towork. Thus, we will mostly use the mathematical method for adding vectors, which isshown in
the right hand portion of the figure. To add two vectors mathematically, we smply add the horizontd
components together. This gives us the horizontal component of the final vector. We then add the
vertica components together, and that gives us the vertical component of the vector. In the figure, then,
the x-component of the find vector issmply A, + By, while the y-component issmply A, + By. Let me
go through a quick example problem to jog your memory on dl of this.

EXAMPLE 1.5

An explorer isgiven directions on how to get to a particular place. Heistold totravel for 15.2
milesat a heading of 30.0 degreesand then to turn and travel 30.4 miles at a heading of 170.2
degrees. What isthe vector which describesthe explorer’sfinal position? Solve this problem
both graphically and mathematically.

Let's start with the graphical method. First, we have to figure out how to draw the first vector.

Wl the magnitude of thefirg vector (let’scal it A) is 15.2 miles. The angleis 30.0 degrees. We can
represent that vector as:

e

Please redize that the drawing Smply gpproximates the vaues of the vector to give us avisud idea of
what it looks like. We know that if the arrow pointed straight dong the horizonta axis to the right, the
angle would be 0 degrees. If it pointed up along the vertica axis, the angle would be 90.0 degrees. If it
bisected those two, it would be pointing at 45 degrees. An angle of 30.0 degrees, then, iscloseto
bisecting the two axes, but not quite.

Next, we put the tail of the second vector at the head of the first. The second vector hasa
meagnitude of 30.4 miles and an angle of 170.2 degrees. Putting it on the head of thefirst vector gives us
the following drawing:
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Remember, if the vector pointed straight up, its angle would be 90.0 degrees. If it pointed directly to
the | eft, its angle would be 180.0 degrees. Thus, an angle of 170.2 degrees points dmost directly to the
left, but just alittle up. In addition, the magnitude is twice that of the first vector, so the arrow istwice
aslong asthefirdg.

Adding the vectorsis now a sngp. We just draw an arrow from the tail of the first to the head

of the second.

The arrow labeled C represents the sum of the two vectors.

Now, athough that gives us a picture of the vector which represents the explorer’ sfind
podgition, itisonly apicture. To get numbers which describe this vector, we must add the two vectors
mathematically. To do that, we must get the horizontal and vertical components of each vector and add
them together. Figure 1.2 gives the relationships between the components of a vector and its magnitude
and direction, so that’s not too bad:

Ay = (15.2 miles)x05(30.0) = 13.2 miles

A, = (15.2 miles)sin(30.0) = 7.60 miles

Bx = (30.4 miles)*¢05(170.2) = -30.0 miles

By = (30.4 miles):sin(170.2) = 5.17 miles
Notice that | used the rules of significant figures here. If you have forgotten those rules, go back to your
first-year physics course (or chemidiry if you took that course) and review sgnificant figures so that you

understand why | rounded the answerswhere | did.

To get the x-component of the sum (vector C), we just add the two x-components together,
and to get the y-component of the sum, we just add the two y-components together.
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Cy=A, + B, = 13.2miles + -30.0 miles=-16.8 miles
Cy=A, + By =7.60 miles+ 5.17 miles= 12.77 miles

Inthis case, | had to add numbers, and the sgnificant figure rules are different for addition and
subtraction as compared to multiplication and divison. Make sure you remember the differencel

The answer, then, is that the explorer’ s position has an x-component of -16.8 miles and a y-
component of 12.77 miles. This meansthe explorer is 16.8 miles|eft (west) of his starting position and
12.77 miles up (north) from his sarting position.

Before | leave this review, there is one more important thing of which | must remind you. When
dedling with the angle associated with a vector, you need to define the angle counter clockwise from
the positive x-axis, as shown in the example above. If you define the angle in that way, the
mathematics will dwayswork. Thus, if you find yoursdf working with a vector whose angle is not
defined in that way, change the angle so that it is defined properly.

If you have the components of a vector and need to get its magnitude and its angle, you can use
the equations given in Figure 1.2. Remember, however, that the angle needs to be defined
counterclockwise from the positive x-axis. How can you be sureit is defined properly when working
with those equations? Well, remember from agebrathat you can divide the Cartesian coordinate plane
into four regions:

[ v

When taking the inverse tangent of a number, the definition of the angle that your calculator gives you
depends on which of these regions the vector isin. If the vector isin region I, the angle that your
caculator givesyou is defined rdative to the positive x-axis, just asit should be defined. Thus, if your
vector isregion |, the angle that your caculator gives you for the inverse tangent function will be defined

properly.

However, if the vector isin region |1 of the Cartesan coordinate plane, then the angle that your
cdculator gives you is defined rdative to the negative x-axis and is negetive. In the Cartesan coordinate
system, negative angles mean clockwise rotation while positive angles mean counterclockwise rotation.
So, when avector isin region |1, your caculaor gives you the number of degrees clockwise from the
negaive x-axis. Thus, if your vector isin region Il and your caculator gives you adirection of -60 °,
thisiswhat it means:
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q = -60;\

This definition of angleis not proper for our purposes. As aresult, we must convert it to the proper
definition. It turnsout that in both regions I and 111 of the Cartesian coordinate plane, if you smply add
180 to the angle that your caculator gives you, you will have converted your calculator’ s answer to an
answer in which the angle is defined properly. If the vector isin region IV, then you must add 360 to
the calculator’ s answer in order to get the properly defined angle.

In summary, Figure 1.4 tells you what you must do in order to change your calculator’ s answer
into a properly defined vector angle, based on the region of the Cartesian coordinate system:

FIGURE 14
Converting reference angle to vector angle

do
+180.0 | nothing

+180.0 +360.0

Thisfigure, of course, does you no good if you can't tell what region of the Cartesan coordinate
plane your vector isin. Luckily, however, thisis not adifficult task. All you haveto do islook & the
signs on the vector components. If the x-component and y-component are both positive, then the
vector must beinregion |. After dl, apostive x-component indicates that you are to theright of the
origin, while a positive y-component means you are above the origin. The region that is both to the right
and abovethe originisregion I. On the other hand, suppose that both components are negative. Since
a negative x-component means left of the origin and a negative y-component means down, you must be
inregion 111, Since that is the only region that is to the left and below the origin. See how you do this?
Following the same logic, if the x-component is negetive and the y-component is positive, you must be
inregion I1. If the x-component is positive and the y-component is negative, however, you must bein
region IV.

| want to make sure you understand this by showing you a quick example.

EXAMPLE 1.6

What arethe magnitude and direction of vector C in the previous example?

11
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In the previous example, C had an x-component of -16.8 miles and a y-component of 12.77
miles. Getting the magnitude is smple, given the equation in Figure 1.2.

C=,/CZ =C? = /(- 168 miles)” + (1277 miles)” = 211 miles

Getting the angle is a bit more difficult, because it must be defined properly. When we use the equation
in Figure 1.2, we get:

12.77 rnites

_ -1 - _ [o]
4=t (o mites) ~ o2
Now that we have an answer, we must figure out the region of the vector. It has anegative x-
component (and is therefore left of the origin) and a positive y-component (and is therefore above the x-
axis). Thus, itisinregion|l. According to Figure 1.4, then, we must add 180.0 to it. The properly-
defined angle, then, is 142.8°. Thus vector C can also be represented as 21.1 miles at an angle of
142.8°.

| went through dl of thisrather quickly, but it should be review for you. Y ou redly should have
learned dl of thisin your firg-year course. Thus, if dl of this seemsa it “fuzzy” to you, go back and
review your first-year physcs course,

ON YOUR OWN

1.4 The veocity vector of a car has an x-component of 23 m/sec and ay-component of 11 m/sec.
Wheat are the magnitude and direction of the velocity vector?

1.5 Vector A hasamagnitude of 3.1 m/sec a an angle of 60.0 degrees, and vector B has a magnitude
of 1.4 m/sec at an angle of 290.0 degrees. What is the sum of these two vectors? Give your answer
both grgphicaly and in terms of magnitude and direction.

Unit Vectors

Everything in the previous section should be review for you, and that’swhy | went through it S0
quickly. However, | now want to introduce some notation that may be new for you. Since atwo-
dimensiond vector can be represented in terms of its horizontal and vertical components, it isnice to
actudly define two unit vectors — onein the horizonta direction and one in the verticd direction. A
unit vector, as shown in the figure below, has a magnitude of 1 and a direction dong ether the horizontd
(X) or verticd (y) axis.
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FIGURE 1.5
Two Unit Vectors
Vector j:
j=1,q=90°

x=0,y=1 —_4

Vector i:
i=1,q=0°
k=1,i,=0

Why do | bother to define these vectors? Think about it. | can define any vector interms of a
horizontal component and a vertical component. Well, suppose | multiply vector i by ascdar. What
will happen to the magnitude of the vector? Well, since the origind magnitude is 1, the new magnitude
will be equd to the value of the scdlar. What about the direction? Well, unlessthe scalar is negative,
the direction will not change. If the scdar is negative, the direction will smply bereversed. The vector
3x%, for example, has amagnitude of 3 and points horizontally to theright. The vector -5%, on the other
hand, has amagnitude of 5 and points verticaly down.

So what? Think about the fact that we can define avector by its horizontal and vertical
components. Suppose velocity vector A has a horizontal component of 5 m/sec (Ax =5 m/sec) and a
vertical component of -4 m/sec (A, = -4 m/sec). We could write thet in terms of adding unit vectors:

A =(5m/sc)x + (-4 m/sec)¥
After dl, if the x-component is 5 m/sec, then the x-component points to the right and has a magnitude of
5. That'swhat 5k is. If the y-component is -4 m/sec, then the y-component points down with a

magnitude of 4 m/sec. That'swhat -4% means. In the end, then, we can dso note any vector in terms
of unit vectors:

For any vector A, A=Ad + Ayj 1.1

Thisis one of the standard ways in which vectors are expressed, so it isimportant that you understand
it.

EXAMPLE 1.7

The acceleration vector of an airplaneis 123 m/sec at q = 223.2°. Expressthe vector in
termsof unit vectors. Draw a graph of the vector.

13
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To express avector in terms of unit vectors, we must have its horizontal and vertica
components. Thus, we must convert magnitude and direction into components:

m m

A, =(123 *08(2232°) = - 89.7
= (123_) 0s(2232°) =
m . . m
A, = (123_3)>sin(2232°) = - 842

Now that we have the components, we just multiply i by the x-component and j by the y-component,
and we can express the vector in terms of unit vectors:

m m
A=-897 X + (-842 j
= ( Secz)><J

Usudly, if the vector j ismultiplied by a negative, we just replace the plus sgn with aminus sgn, so the
more standard answer is:

m m
secz)q_ 84.2$CZ><J

A=-897

Now remember, the numbers multiplying i and j are Smply the components of the vector. Thus,
drawing the vector is a snap:

-89.7
m/sec?
-84.2 {

Now remember that to add any two vectors, you Ssmply add the x-components together and
the y-components together. Similarly, to subtract vectors, you smply subtract the x-components and
the y-components. In this notation, then, vector addition and subtraction is as follows:

A + B = (Ac+BJ¥ + (A +B)¥ (1.2)
A-B = (Ac-B)x + (Ay-By¥ (1.3

We can ds0 express scaar multiplication in this notation. When | multiply a vector by ascdar, | can
smply multiply each component by the scdar. Thus, in this notation, scalar multiplication becomes:
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KA = (kA% + (KA)¥  (wherekisascdar)  (L4)

Make sure you understand this new notation by solving the following problems.

ON YOUR OWN
1.6 Draw thevector A = (5.0 m)x - (11 m)%. Giveits magnitude and direction.

1.7 What isthe sum of vector A above with vector B = (-11 m)x + (22 m)¥? What isthe difference
A - B? Answer using the notation you learned in this section of the module.

1.8 Write (in unit vector notation) the vector which corresponds to 6 times the vector
C=(20m/sx)x + (3.0 m/sec)x.

The Dot Product

When we add or subtract two vectors, the result isavector. When we multiply avector by a
scadar, theresult isalso avector. Thus, you might think that when you mathemetically manipulate
vectors, the result isaways avector. That'snot true. One mathematica manipulation is called the dot
product, and it isimportant in physics. When you compute the dot product of two vectors, the result is
ascdar.

How can two vectors produce ascdar? Wdll, first let’ slook at the mechanics of taking the dot
product of two vectors, and then | will tell you what the dot product redlly means.

A-B = AB, + AB, (1.5)
In order to compute the dot product of two vectors, | multiply their x-components together and add that

result to the product of their y-components. Notice that there are no vectors on the right hand side of
the equation, so theresult is, indeed, a scalar.

EXAMPLE 1.8
Given the following vectors:

A= 14% + 11%
B = -2.0% + 3.0%

Computethedot product A - B.

15
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Using Equation (1.5):
A-B =AB + ABy
A-B =14%-20) + 1180 = -28 +33 = 5

The dot product, then, equals 5.

Computing the dot product between two vectorsisn't too bad, isit? Of course, being able to
perform a mathematica operation is not the same as understanding what that mathematica operation
means. Thus, you aso need to know the meaning behind the dot product. When you take the dot
product of two vectors, you are redly multiplying the magnitude of the first vector by the component of
the second vector which is parallel to the first vector. Now | know that sentenceis confusing, so |
want to try and explain it with afigure.

FIGURE 1.6
The Meaning of the Dot Product

Two vectors, Vector B can be split into

A and B B two perpendicular _
components: onethat is
q pardld to A and onethat is
perpendicular to B:
A
A- B = A[Bcos(q)]

Start by looking a the drawing on the left-hand side of thefigure. | have two vectors there, our
old friends A and B. If you put their tails together (remember, moving vectors around is okay aslong as
you don't change length or direction), you can define g, the angle between them. Now we aready
know that any two-dimensiond vector can be expressed in terms of two perpendicular components.
We usualy use the horizontal and vertical components, but that’s not necessary. We can redly use any
two perpendicular components. For the purpose of this discussion, then, let’ s define B interms of a
component that is pardld to A and one that is perpendicular to A. That'swhat is shown on the right
hand sde of the figure.

Now look what happens when you split up B into those two components. One component lies
right on vector A. That’'sthe paralel component of vector B, and it is caculated by taking the
magnitude of the vector (B) and multiplying by the cosine of the angle (). Thus, that little section
labeled Bxxosq is the component of vector B that lies parallel to vector A.




Module 1 Units and Vectors Revisited

When you take the dot product, you are caculating the vaue of the magnitude of vector A
multiplied by the length of the component of vector B which liespardld to A. Tha'swhy thelagt line
of text in the figure says that the dot product is A (the magnitude of vector A) times Bcosg (the length of
the component of B which ispardld to A). Thisisactudly another way of expressing the dot product:

A- B = ABxos] (1.6)

The dot product of two vectors, then, can be found one of two ways. If you know the components of
the vector, you use Equation (1.5). If you know the magnitudes of each vector and the angle between
them, use Equation (1.6). Alternatively, if you know the dot product and magnitudes of the vectors, you
can determine the angle between them. See what | mean by studying the following example.

EXAMPLE 1.9
Given the following vectors:

A=12i + 6.0j
B=-3.0i + 9.0]

Deter mine the angle between the vectors.

To get an idea of just what we are solving for, let’s draw the two vectors with each tall a the
origin. Thisisnot a necessary step for solving the problem. It smply givesusavisud of the angle.

B\ﬂ/A'

How do we determine the angle? Well notice that we have the components of each vector. Thus, we
can determine the magnitude of each. Also, we can determine the dot product using Equation (1.5).
Once we have that, then we can solve for the angle using Equation (1.6).

Let’s start with the magnitudes of each vector. That’'s not too hard:

A =,/12> +60° =13
B=,/- 30° +90° =95

17
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Now let’ s figure out the dot product. Since we have the components, we use Equation (1.5):
A-B = 12%-3.0) + 6.09.0 = 18
At this point, we have dl of the information in Equation (1.6) except the angle, so we can solvefor it:

A - B = AxBxcosq
18 = 13>X95xc0sq

e 18 0
&13-059

q=cos" = cos ' (015) = 82°

The angle, then, is82°. Look back at the drawing of the two vectors. Notice that the angle looks very
closeto aright angle. Thus, the answer we have makes sense based on the drawing.

ON YOUR OWN

1.9 Compute the dot product of thefollowing vectors: A = (-23 m)% - (1.2m)¥,
B = (12m)x + (43m)x

1.10 Two vectors, A and B, are defined. The angle between them is 61.0°. Vector A has a magnitude
of 15.1 meters, and the component of B whichispardld to A is 1.2 meterslong. What isthe
magnitude of vector B?

The Physcd Sgnificance of the Dot Product

In the last section, you learned how to compute the dot product of two vectors and what that
means mathematically. However, thisisaphysics course. It might be nice to learn a new math concept,
but thisis not amath course. Thus, | would not have taught you about the dot product unless there was
some physics behind it.

To learn the physics behind the dot product, you need to recal the concept of work from your
first-year physcs course. Do you remember how we define work mathematically? Try to seeif this
does't jog your memory:

W = F" X (17)
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In this equation, “W” representswork , “x” stands for the digplacement over which the force was
applied, and “F;” is used to indicate the component of the force vector thet is paralle to the direction of
motion.

To remember why Equation (1.7) uses only that portion of the applied force thet is pardld to
the motion, consider Figure 1.7.

FIGURE 1.7
Force and Work

In the left Sde of thisfigure, aboy is pulling awagon. If we remove the picture of the boy (right side of
the figure) and just look &t the vectors involved, we see saverd things. Firgt, the wagon travelsin a
graight, horizonta line, asindicated by the horizontal velocity vector (v). The force that the boy is
applying (F) goesin the same direction as the wagon's handle. Asaresult, his pulling force is not
pardlel with the motion. Since the forceis atwo-dimensiona vector, we can split it into vertica (Fy)
and horizonta (Fx) components. The horizontal component is pardld to the motion and, as you can
seg, isthe only portion of the force that contributes to the motion. In contragt, thereis no mation in the
perpendicular direction. In other words, the wagon is not moving upwards. In the end, the
perpendicular portion of the force fights gravity. Since it is ot strong enough to overcome gravity, the
wagon does not move up. Remember, when aforce is gpplied but there is no motion, there is no work.
Thus, the perpendicular component of the boy’s pulling force iswasted. It causes no motion, and
therefore it accomplishes no work. That's why only the portion of the force pardld to the motion is
considered when cdculating the work done by that force.

So, when you are faced with a Situation in which you must calculate the work done by aforce
which takes place over a certain digplacement, you can use Equation (1.7). Wait aminute, however.
Equation (1.7) tells you to take the magnitude of one vector (the displacement vector, x), and multiply it
by the magnitude of the component of another vector (the force vector, F) which is pardld to the first
vector. What does that sound like? It sounds like the dot product! Thus, we can re-write the
definition of work in dot product notation:

W = F-x (18)
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Now remember, work isascdar. It doesn't tell us anything about direction. That makes sense, since
the result of the dot product is a scalar.

If you have been paying close atention, there may be something puzzling you at this point. In
the dot product, we take the magnitude of the firgt vector, and multiply it by the magnitude of the
component of the second vector which is pardld to thefirst vector. Thus, if | wereto redly write
Equation (1.7) in dot product form, it should reed W=x- F. However, look at Equation (1.6). This
equation tells us that the dot product is commutative. After all,

A-B = ABx0x]
B-A = BAx0x

Notice that ABx0sg and BXAx0sq are equivdent. Thus, A- B and B- A are equivdent. Thus, the
order in which you take the dot product does not matter.

Thedot product iscommutative: A- B isthesameasB- A
Thisisimportant and worth remembering.

Now that you know the physical significance of the dot product, solve the following “on your
own” problems.

ON YOUR OWN

1.11 A particle undergoes a displacement x = (1.5 m)x - (2.3 m)x while being acted upon by a
congtant force F = (5.6 N)% - (3.4 N)¥. What isthe work done?

1.12 A person applies aforce of 16.6 Newtons to an object as the object travels 9.2 meters. If the
work done was 14.5 J, what was the angle between the force vector and the displacement vector?

The Cross Product

The dot product of two vectors produces ascaar. It only makes sensethat if thereisaway to
multiply two vectors to produce a scalar, there must be away to multiply two vectorsto produce a
vector. Indeed, thereis. We cdl it the cross product. In the cross product, we are il multiplying the
magnitude of one vector with the magnitude of another vector. In this case, however, we are multiplying
the magnitude of the first vector with the component of the second vector which is perpendicular to the
firgt vector. In addition to using a different component of the second vector, the cross product aso
produces a vector, not a scalar. Thus, the cross product has both magnitude and direction. Let’s dedl
with the magnitude fird.
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FIGURE 1.8
The Magnitude of the Cross Product

Two vectors, Vector B can be split into

A and B B two perpendicular _
components: onethat is

pardlel to A and onethat is q Bxsing

q ..
\ perpendicular to B: /\/
A Bxosq / A

|A xB|=A[Bsn(q)]

Once again, we have our old friends vector A and vector B. They can be drawn tail-to-tall,
and the resulting angle between themiscdled g. If we split vector B into two components: one parale
to A and one perpendicular to A, we find that the perpendicular component is Bing. Thus, Snce the
cross product involves multiplying the magnitude of the first vector and the magnitude of the component
of the second vector which is perpendicular to the first, the magnitude of the cross product is.

IAX B| = ABsing (1.9)

Theveticd linesencdosing A x B smply mean “magnitude” Thus, “|A X B]” means “the magnitude of
the vector Ax B.”

So that’s how we get the magnitude of the cross product. The cross product produces a
vector, however, so there is dso direction to consider. How do we come up with the direction of the
cross product? We use something caled theright hand rule.

Right hand rule - To determine the direction of the cross product A x B, take your right hand and
point your fingersin the direction of A. Then, curl your fingers towards B, dong
the arc of the angle between the vectors. Y our thumb will then point in the
direction of the cross product

Theright hand rule isillugrated in Figure 1.9.
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llus. By Megan Whitaker FIGURE 1.9
TheRight hend Rule direction of the
cross product.
R B B B

& B G g

A A A A
Pglljrr]trithfmfmisno:he mClérLr)::ogfr I;]ZQ;S la;ong Your thumb pointsin  In thisexample, the
your rig _ J the direction of the thumb pointed up out
direction of the first between the vectors. cross product of the page. That'sthe
Vvector. direction of the cross

product.

When determining the direction of the cross product, then, you take your right hand and point
your fingersin the direction of the first vector. Then, you curl your fingers towards the second vector,
aong the arc of the angle between them. 'Y our thumb will then point in the direction of the cross
product. Think about what this means for a momen.

Thedirection of the cross product of two vectorswill always be perpendicular to both vectors.

The right hand rule has another implication. Look at Figure 1.9 and use the right hand rule to determine
thedirection of B x A. Remember, you point the fingers on your right hand in the direction of the first
vector (B), and you then curl towards the second vector (A). Where does your thumb point? It
points down towards the paper. That's the opposite direction astha shown in thefigure. Thus, unlike
the dot production, the cross product is not commutative.

Thecross product isnot commutative: A x B =-(B x A)
Thisisimportant to remember.
Okay, there is one more thing you need to learn about the cross product. Y ou nheed to know

how to caculate the cross product using unit vector notation. However, before you can do that, you
need to see how we define unit vectors in three-dimensiond space.
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FIGURE 1.10
Three-Dimensiond Spacein Terms of Unit Vectors

y

4

>—xX

When we add another dimension (the z-axis), we can represent that in unit vector notation with just
another unit vector. Notice that i isdill the unit vector in the horizonta direction and j is il the unit
vector in the vertical direction. To represent three-dimensiona space, then, we smply add a third unit
vector, k, which points out of the plane of the paper, towardsyou. If we multiply by -1, the unit vector
-k points behind the paper.

Now that you know how three-dimensiona space is represented in vector notation, you can
learn how we compute the cross product. Fird, let’s sart with the smple case of two-dimensiond
vectors.

For two-dimensional vectorsin thei/j plane: AxB = (ABy - AyBy)k (2.10)

Notice the restriction placed on this equation. To use this equation, you must be taking the cross
product of two-dimensiond vectors which exist only in the plane defined by the horizontd (i) and
verticd (j) axes. Thus, thisisa preity redrictive equation. However, most of the physics problems that
you do will involve such vectors, so it is probably what you will use most often for caculating cross
products.

For completeness sake, | will give you the tota equation for caculating the cross product
between any three-dimensiona vectors:

A X B = (Aygz'Azgy)xl + (A28X = AXBZ)¥ + (Axgy = Aygx)* (1.11)

Notice that Equation (1.11) reduces to Equation (1.10) for two-dimensiond vectorsin thei/j plane.
After dl, the z-component of such atwo-dimensond vector iszero. Thus, theterm (A B,-AB,)x is
zero, asistheterm (A8, - AB,)%. Asareault, the only term in the equation that is non-zero is (ABy
- AyB,)X, and that gives us Equation (1.10).

| know thet thisisalot to throw a you, but hopefully the following example problems will clear
up any confusion that may ill be in your mind.
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EXAMPLE 1.10

A velocity vector has a magnitude of 56.1 m/sec and an angle of 45.0 degrees. Another
velocity vector has a magnitude of 12.2 m/sec and an angle of 290.1 degrees. Calculatethe
magnitude of the cross product and give the vector in unit vector notation.

Cdculating the magnitude of the cross product isnot bad at dl. Wejust use Equation (1.9). To

do that, however, we need the angle between the vectors. To determine that we will have to draw the
two vectors.

290.1° /] ' 4.0

¢ 360.0° - 200.1° = 69.9°

If the angle of the second vector as defined from the positive x-axis is 290.1, then the angle from the
positive x-axis down to the vector must be 69.9°, because the total angle must be 360.0°. Wdll, the
angle from the positive x-axis up to the first vector is 45.0°. The angle between the two vectors, then,
must be 69.9° + 45.0° = 114.9°.  Now we can use Equation (1.9):

IAx B| = ABxsing = (56.1 m/sec)¥12.2 m/sec)sin(114.9°) = 621 nf/sec?
The magnitude of the cross product, then, is 621 n/sec’.

What about the direction? For that, we use theright hand rule. We point the fingers of our right
hand in the direction of the first vector, then we curl dong the arc of the 114.9° angle in between the
vectors. When we do that, our thumb points down into the page. Thus, the vector isin the negative k
direction. That tells us what we need to know for unit vector notation. After al, we know the vector’'s

magnitude (621 n/sec?), and we know that it is pointed in the negative k direction. Thus, the vector is
-(621 n/sec?)X.

Given thefollowing vectors, calculate A x B and deter mine the angle between the vectors:

>
I

3.4% + 4.5%
2.4% + 1.1x%

o
I
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Notice that these two vectors are two-dimensiona and have only i and j unit vectors. Thus,
they areinthei/j plane, and we can use the smpler verson of the cross product equation, Equation
(1.10):

AxB = (AB, - AyB)X

AXB = [3.44.1- 4542.4)]% = -7.1%

That' s the cross product. Based solely on the unit vector notation, you know that it is pointing behind
the plane of the paper. What about the angle? Well, we now know the magnitude of the vector (if the
vector is composed soldy of 7.1 timesk, then the magnitude is 7.1, because k has a magnitude of 1),
S0 we can use Equation (1.9):

IA X B| = ABxing

Remember, “|A x B|” means“magnitude of A x B,” sothat’s7.1. We don't have the magnitudes of A
and B, but we can use their components to calculate them:

A =,[34% + 45 =56
B=./(24) +112 = 26

Now we can use Equation (1.9):

|A xB| = AxBxsing
71 = (56) {2.6) >xsinq

e 71 0 _ 29
(56) X26)8

o

g=sin"

Given thefollowing vectors, calculate the cross product and the angle between them:

A=-14% + 42%- 56%
B = 24% - 1.1x +3.2K

Thisis essentidly the same as the problem above. However, these are three-dimensiona
vectors, so we have to use the larger formula, Equation (1.11):

AXB = (ABAB)X + (AB - AB)K + (AB, - AB K
AXB = (4.28.2[-56]%11])% + (-5.62.4-[-1.4]8.2)% + ([-1.4]%-1.1] - 4.22.4)%

AXB = 7.24 - 8.9% - 8.6%
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Just as we did before, we can caculate the magnitudes of the two vectors and then determine
the angle between them using Equation (1.9). The only difference now isthat the magnitude of the cross
product is not as easy to determine. We must caculate it like we caculate the magnitudes of al vectors.

A =/(-14)% + 427 +(-56)% =71
B =./24% + 112+322 =41

IAXB| = ,[72% + (-89) + (-86)? =14
Now that we have dl of the magnitudes involved, we can use Equation (1.9):
|AXB| =AxBxsing

14 = (71) {41 xsinq

e 14 o

A= ANy 2

(o]

ON YOUR OWN

1.13 Vector A isdefined as 3.2 feet at 45.1°, and vector B isdefined as 1.1 feet at 70.1°. What isthe
cross product? Give your answer in unit vector notation.

1.14 Given the following vectors, caculate the cross product and the angle between them:

A=-7.1% + 4.2%

B = 3.4% - 4.1%

The Physica Sgnificance of the Cross Product

Aswas the case with the dot product, there is physical significance to the cross product. We
will gpply the cross product in &t least three different areas of physics, but for right now, | will
concentrate on only one: the concept of torque. Asyou learned in your firg-year physics course, when
we apply aforce some distance away from an axis of rotation, the result is atorque, which can cause
rotational motion. In your first-year physics course, you learned the equation used to calculate torque.

t = Far (1.12)
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Where “t” representstorque, “r” represents the magnitude of the vector drawn from the axis of rotation
to the point at which the force is gpplied, and “F~” represents the component of the force which is
perpendicular to that vector. Figure 1.11 illustrates the concept of torque.

FIGURE 1.11
Torque

@ = lever am
i =

Now remember what torqueis. It isthe counterpart of force when oneis consdering
rotational motion. Remember, force causes acceleration in astraight line. Torque causes rotationa
acceration. Inthefigure, the wrench is going to turn the screw. To do that, it will have to give the
screw rotationd accderation so that it Sartsto turnin acircle. Torque is the impetus which will cause
that rotetional acceleration.

Notice from the figure that only a portion of the force used can generate torque. Any
component of the force that is pardld to the vector defined from the axis of rotation to the point at
which the force is gpplied (the lever arm) islogst. Thus, the magnitude of the torque is given by the
magnitude of the lever arm times the component of the force which is perpendicular to the lever arm.

Wi, since the cross product takes the magnitude of a vector and multipliesit by the magnitude
of asecond vector’'s component which is perpendicular to the first vector, torque can be caculated
using the cross product.

t =rxF (1.13)

There are two things to note about this equation. Firdt, torqueisavector. Remember, the cross
product resultsin avector. That'swhy the“t ” isbold. Second, remember that the cross product is
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NOT commutative. Thus, the order of the vectorsis important, so one must take the vector of the
lever am (r) and cross it with the vector representing the force (F), in that order.

Since you aready know how to do cross products, calculating the torque is pretty easy. Thus, |
will not give you any examples of it. However, you should perform the following “on your own”
problems to make sure you understand how to use the cross product to calculate torque.

ON YOUR OWN

1.15 A person gppliesaforce F = (15 N)x+ (23 N)xonaleveramr = (1.2 m)x+ (1.1 m)%x What
is the vector that represents the torque?

1.16 A manistrying toturn abolt. He exertsaforce of 15.2 N with a pipe thet creates alever am
which is0.36 m long. If the plumber succeeds in producing 4.9 Nxn of torque, what isthe angle
between the force heis exerting and the wrench? Given the diagram below, is the torque pointing up
above the plane of the paper or back behind the plane of the paper?

F

Summing Up

This module contained some concepts which were review for you and others which were new.
That will be the case with most of the modulesin this course. In each module, | will review some of the
highlights of your first-year physics course and then go deeper into each subject. In addition,
completely new concepts will be brought in from timeto time. Thus, if there is something that redly
baffles you in this course, you should review your firs-year course to seeif it is explained there.
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ANSWERSTO THE ON YOUR OWN PROBLEMS
1.1 To solvethis problem, we smply have to convert milesto centimeters and hoursto seconds. It
doesn't matter that they are both a part of our origina unit. Aslong aswe use the factor-label method,
everything will work out:

65mites . 1609 m  1cm | 1heur
lhowr 1mite 001lm 3600s

= 2900 1
S

Noticethat | converted from miles to meters and then meters to centimeters. | had to do that, Snce |
was not given adirect relationship between miles and centimeters. Sixty-five miles per hour isthe same
as 2900 cm/s.
1.2 We can't usethe conversion of 3 feet in 1 yard right away, because we want to convert from
square feet into square yards. Thus, we need a relationship between those quantities. We can get such
ardationship by squaring both sdes of the rdationship that we do have:

3ft = 1yd

9ft? = 1yd?

Now we can do the converson:

1600 %%, 1yd®
1 9

= 180yd?

The house has an areaof 180 square yards. If your answer was 177.8, go back and review significant
figures from your first-year course.

kg>m

2

g>xcm?
2

2
1.3 To convert from Joules ( ) to ergs ( ), | need to convert kg into g and n¥ into cn.

That'snot bad. We know that 1 kg = 1,000 g. We also know:
1cm=0.01m

To get the relationship between cn? and n, we just square both sides:

1 cn? = 0.0001 n?
Thisleads usto:
151 kgxm® = 1,000 1cm? xcm?
kgz - 10009, - =1517 100 20
1sec 1kg 00001 Sec
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1.4 Inthis problem, we are given the x- and y-components of a vector and are asked to calculate its
magnitude and direction. Getting the magnitude is not too bad:

m m m
Magnitude = |V, +V,” = \/(23§)2 + (11§)2 =B

To get the angle, we gart with this equation:

m
11—
q=tan’ (") = tan* (—52) = 26°
‘ 23—
Se6

We aren’t necessarily finished yet, however. We have to determine which region of the Cartesan
coordinate system that the vector isin. Since both its components are pogtive, thistells us that the
vector isto the right and above the origin, which means that the vector isin region I. According to our
rules, we don’t need to do anything to the result of the equation when the vector isinregion |, so0 26° is
the proper angle. Thus, the vector has magnitude of 25 mysec and direction of 26°.

1.5 Inthis problem, we are asked to add two-dimensional vectors together. Before we do this
mathematically, let’ sdo it graphicaly:

Aswe learned before, the dotted arrow (vector C) gives usthe sum.

Thefirg step in adding vectors mathematically is to bresk both vectors down into their
components:

A, = (31— xc0s(600°) = 16—
Sec Sec

m m
A, = (3l—)xs 0°) =27 —
, = (3 $C) xsin(60.0°) p—
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B, = (L4 —) x0s(2900°) = 048 —
Sec Sec

m,_ . on m
B, = (14 g) xsin(290.0°) = - ng
Now that we have the individual components, we can add them together.

C.=A, +B =16 — + 048 %~ =21 1L

SeCc SeCc SeC

m m m

C, = A, +B, =27 — + -13 — = 14 —
seC sec SeC

Now that we have the components to our answer, we can get the magnitude and direction of the sum.

m m m
Magnitude = 1,CX2 + Cy2 = \/(Z.lg)z + (14 g)z =2.5g

c 142

q= tan‘l(C—y) = tan'l(—sfqg) = 34°
X 2.1_
sec

Since the x- and y-components are both postive, the vector isin the first region of the Cartesan
coordinate plane. Thisis congstent with the graphical answer we drew to begin with, and it means that

we do not need to do anything to the result the equation. Thus, the sum of vectors A and B hasa
magnitude of 2.5 m/sec at adirection of 34°.

1.6 To draw the vector, we Smply need to redize that the number multiplying i is the x-component and
the number multiplying j is the y-component.

50m

11 m
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To get the magnitude and direction, we just use the formulasin Figure 1.2.

A = JAZ +A? = /(50m)? +(-11m)® =12 m

=tan' 2 1imo_ 66°
a= 50mg
Now remember, the angle may not be defined correctly at this point. Based on the components, we see
that this vector isin region IV of the Cartesian coordinate plane. Thus, we must add 360.0° toit. Thus,
the answer is 12 m at adirection of 294°.

1.7 To add vectors, we add the x-components and y-components. In unit vector notation, the formula
isgiven by Equation (1.2):

A+ B = (A+B)i + (Ay+B)j = Gm +-11m)i + (-11m+22m)j = (-6m)i + (11 m)j

The differenceis given by Equation (1.3):

A-B = (Ac-B)i + (Ay-B)j = (5m--11m)i + (-11m-22m)j =(16m)i - (33 m)]

1.8 In unit vector notation, scalar multiplication is given by Equation (1.2):
KA = (KA)I + (KA))]

6C = (6x2.0 mM/sex)i + (6x3.0 misec)] = (12 misec)i + (18 m/sed);

1.9 Using Equation (1.5):
A-B = A®B, + AB,
A-B = (-23m)%1.2m) + (-L.2m)%4.3m) = -80 n?

The dot product, then, equals -8.0 . What does the minus sign mean? Well, renember, the dot
product isthe product of the magnitude of A and the magnitude of the component of B pardld to A. If
that product is negative, it means the component of B pardle to A isnegative. That meansthe
component of B pardld to A points opposite of A. Draw the two vectors to see what | mean:

Component of B paradle to A A B

pointsin the opposite direction \
compared to A. Thus, comparedto ——— =~
A, itisnegative. Thisleadstoa
negative dot product.
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1.10 This problem requires you to understand that the dot product A- B isthe magnitude of A timesthe
meagnitude of the component of B which liespardld to A. Y ou are given those two things, so you can
compute the dot product:

A - B = (magnitude of A) xmagnitude of the component of B paralel to A)
A-B=(@151m)x12m)=18m’
Now that we have the dot product, we can solve Equation (1.6) for the magnitude of B.
A - B = AxBxcosq

18 m® = (151 m)xB xcos(610°)

B= 18 m” =25m
(151 m)>cos(610°)  ——

1.11 Thisisadgraightforward application of Equation (1.8):
W =F:-x = (5.6N)X15m) + (34 N)¥2.3m) = 16.2Nx = 16.2J

Remember from your first-year course that a Nm is the tandard unit for energy or work, and that unit
is caled the Joule in honor of James Prescott Joule.

1.12 Remember, work isthe dot product of F and x. Thus,
W = Fx0sq
In this problem, we have al of the variables except g, so we can solve for it:

W = Fxx>xcosq
145 J = (166 N) X 9.2 m) xcosq

L 145Nm 0
4708 K166 M) <92 Mg

(o]

Notice that in the last ling, | replaced the unit Joule with its definition, Nxn, to show that the units cancel
out. Remember, when dedling with a trigonometric function, the argument should have no units. Thus,
any unitsin the problem need to fully cancel, asthey do above.
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1.13 To cdculate the magnitude of the cross product, we just use Equation (1.9). To do that,
however, we need the angle between the vectors.

70.1°

%

\ 450°

Thisangleiseasy, it'sjust 70.1° - 45.0° = 25.1°. Now we can use Equation (1.9):
IA X B| = ABsng = (3.2 feet)X1.1 feet)sin(25.1°) = 1.5 feet?

To determine direction, we use the right hand rule. We point the fingers of our right hand in the
direction of thefirst vector, then we curl dong the arc of the 25.1° angle in between the vectors. When
we do that, our thumb points up out of the page. Thus, the vector isin the positive k direction. That
tells us what we need to know for unit vector notation. Thus, the vector is (1.5 feet) X.

1.14 Noticethat the vectors are two-dimensiond and have only i and j unit vectors. Thus, we can use
the smpler version of the cross product formula, Equation (1.10):

AXB = (AdB, - A,B )k
AXB = [(-7.1)%-4.1) - 4284k = 15k

That’ sthe cross product. What about the angle? Well, we just need the magnitudes of dl three vectors
and Equation (1.9). The magnitude of the cross product is easy; it'sjust 15. What about A and B?

A =.[(-7D)? + (42)? =82
B =./(34)° +(-41)2 =53

Now we can use Equation (1.9):

|A xB| = A xBxsinq

15 = (82) X5.3) »sinq

q= sin'1ae 1> 9: 2.0x10'°
€82 533 22—
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Noticethat | had to put the answer in scientific notation. The rulesindicate thet | must have 2 sgnificant
figures. The number 20 has only 1 sgnificant figure. Thus, | had to make that zero significant by putting
the whole number in scientific notation.

115 Thisisan easy one. We are given the vectors for r and F, so we can just use Equation (1.13).
Since these are two-dimensiond vectorsin the i/j plane, we can use the smplified cross product

formula, Equation (1.10).

t =rxF = (rF -rpF)Xk = [(L.2mM)%23 N) - (1.1 m)¥15 N)]k = (11 Nx)k

1.16 Inthis problem, we are dedling only with magnitudes. Since we warnt to figure out the angle
between the vectors, we are going to use Equation (1.9):

|A xB| = AxBxsing
49N >xm = (0.36m) X152N) >sinq

_ sin‘lae 49Nm O
~ SN & (036m) X152N)8

q 64°

To determine the direction, we use the right hand rule. Point the fingers of your right hand from the nut
to the hand. That isdong the lever am. Now, curl your fingers towards the force, dong the arc of the
angle between the lever arm and the force. 'Y our thumb should be up away from the paper. Thus, the
torque points above the plane of the paper.
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REVIEW QUESTIONS FOR MODULE #1
1. What isthe conversion rdationship between n? and kn??

2. Two vectors are written below. Draw them on a Cartesian coordinate plane so that they each start
a the origin.

A: 55 miles’hour at 45 degrees B: 20 miles’hour a 210 degrees

3. A podition vector, P, isgiven as 36 miles at 15 degrees. What are the magnitude and angle of
-2P?

4. Inwhich region of the Cartesan coordinate system do you find the vector
A =1.2%-3.4%?

5. You are given the vector S = -3.4% - 4.5% and must determine the angle a which it is pointing. You
use the fact that tanq = S,/S, to get the angle. However, what do you have to do to the result of that
equation in order to report the angle so that it is defined properly?

6. The dot product A- B isequa to 34.2 nf. What isthevaueof B- A?

7. Fll in the blank:

The dot product takes the magnitude of one vector and multipliesit by the magnitude of the second
vector’s component which is to the first vector.

8. Suppose a person gpplies aforce to an object, but the object travelsin adirection that is
perpendicular to the force. How much work is being done?

9. Thecrossproduct A x B isequal to (45 nf/sec?)k. What is the cross product B x A?

10. Given the diagram below, determine the direction of the vector A x B. Isthe vector going back
behind the plane of the paper or coming out above the plane of the paper?
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PRACTICE PROBLEMSFOR MODULE #1
1. Convert an acceleration of 845 feet/hour? into meters/sec’. (1 m = 3.281 feet)

g>cm
inute

. kgxm .
2. A Newtonisa J >—. Convert 15.1 Newtonsinto
sec

2 -

3 The vdocity vector of an object isv = (13 m/sec)* - (11 m/sec)¥. What are the magnitude and
direction of the velocity vector?

4. Vector A hasamagnitude of 2.2 m/sec a an angle of 35.0 degrees, and vector B has a magnitude
of 3.4 m/sec at an angle of 120.0 degrees. Graphically add these two vectors together, and then
compute the magnitude and direction.

5. Given the following vectors

A = (L5 milegx + (7.1 miles)¥
B = (L8 mileg - (2.2 miles)k

WhatisA + B? What isA - B? Give your ansversin unit vector notation.
6. Given the following vector:

C=(120m)% + (13.0m)%

What is -5€ in unit vector notation?

7. An object undergoes a displacement x = (-5.2 m)x + (1.1 m) % while being acted upon by a constant
force F = (1.5 N)x- (4.3 N)x. What isthe work done?

8. A person gpplies aforce of 18 Newtons to an object as the object travels 3.4 meters. The angle
between the force and the displacement is 35.1 degrees. How much work was done?

9. A congtruction worker is using a crowbar to pry arock out of the ground. He appliesaforce F = (-
55 N)%- (34 N)x+ (43 N)k at aleveramr = (0.23 m)x + (0.25 m)¥ + (0.22 m)k. What isthe
vector that represents the torque?

10. A person gppliesaforcein order to turn acrank. The crank is 0.50 meterslong, and he appliesa
force of 15 Newtons. If he appliesthe force a a 65 degree angle rdative to the crank, what is the
torque? How could the person exert more torque without increasing the force or changing the lever
am?
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